Generalized almost perfect nonlinear (GAPN) functions were defined to satisfy some generalizations of basic properties of almost perfect nonlinear (APN) functions for even characteristic. In this paper, we study monomial GAPN functions for odd characteristic. In particular, we give all monomial GAPN functions whose algebraic degree are maximum or minimum on a finite field of odd characteristic.
Introduction
Let F = F p n be a finite field of characteristic p. A function f : F → F is an almost perfect nonlinear (APN) function if
for all a ∈ F × and b ∈ F . When p = 2, such functions have useful properties and applications in cryptography, finite geometries and so on. On the other hand, APN functions for odd characteristic have quite different properties from the even characteristic case. In [12] , the definition of APN functions for odd characteristic was modified to satisfy some similar properties of APN functions for even characteristic. In fact, the author defined a generalized almost perfect nonlinear (GAPN) functions as follows (see [ for all a ∈ F × and b ∈ F . Note that when p = 2, GAPN functions coincide with APN functions. In addition, a few examples of GAPN functions on F = F p n was constructed. For example,
• the inverse permutation
is a GAPN function of algebraic degree n(p − 1) − 1 if p is odd, and
• the generalized Gold function
is a GAPN function of algebraic degree p if gcd(i, n) = 1.
Here see [12, Section 2] for the algebraic degree, and see Table 1 below for the Gold functions.
In this paper, we study monomial GAPN functions for odd characteristic. Note that monomial APN functions for even characteristic have been studied by many researchers. The following Table 1 is a complete list, up to CCZ-equivalence, of known monomial APN functions for even characteristic, where
is the algebraic degree of f d . We will give a generalization of Welch functions (see sub-subsection 2.1.1). 
Gold functions
Every function f : F → F can be represented uniquely as a polynomial function
. We can extend f to an extension field of F by using this unique polynomial formula. Then we can define a generalization of exceptional APN functions as follows (see [1] and [9] for exceptional APN functions):
on F and is also GAPN function on infinitely many extension fields of F . In this paper, we will give all monomial GAPN functions of algebraic degree p or n(p − 1) − 1 (see Subsection 2.1 and 2.2, respectively). Note that if f :
. In addition, we will show that when p ≥ 3, any monomial function of algebraic degree p is p-exceptional on some extension field of F p (see Proposition 2.3). Moreover for odd prime p, we will give a conjecture for the existences of GAPN functions f on F p n with p < d
• (f ) < n(p − 1) − 1, and p-exceptional exponents (see Conjecture 2.7).
Monomial GAPN functions
In this section, we mainly assume that p is an odd prime. Let F = F p n be a finite field of characteristic p. Let f d be a monomial function
For any x ∈ F , we have that 
Proposition 2.1. On the above notations,
In particular, for any monomial GAPN function
Proof. (1) is clear from Proposition 2.12 in [12] . We prove (2) . Assume that
In the following, we will give all GAPN functions on F = F p n with algebraic degree p or n(p − 1) − 1.
Monomial GAPN functions on F p n with minimum algebraic degree
Hence we have that
and hence we obtain
Then we can write
We define the polynomial D(X) ∈ F p [X] as follows:
On the above notations, we have the following criterion: Proof. By the proof of Lemme 3.3 in [12] , we obtain that
and hence
Then by Lemma 3.3, (iii) in [12] , f d is a GAPN function on F if and only if
This is equivalent to that
On the other hand, by Theorem 2.5 in [3] , we have that #Im
where α 0 , . . . , α n−1 are defined by (2) . Hence (4) is equivalent to that rk(M d ) = n − 1. Let I n be the identity matrix of size n. Then we have that
and hence the eigenvalues of M d are 0 and D(β) (β ∈ F p \ {1}, β n = 1). Therefore rk(M d ) = n − 1 if and only if D(β) = 0 for any β ∈ F p \ {1} with β n = 1.
In particular, they are p-exceptional clearly. More generally, we obtain the following Proposition: (ii) Any monomial GAPN function of algebraic degree p on F p n for some n is pexceptional.
Proof. We first prove (i). Let d be an exponent given by (1) . By Theorem 2.2, it is sufficient to show that there exists n ∈ N with d < p n such that
where
is defined by (3) . Note that the polynomial D(X) depends only on exponent d. Then the set β ∈ F p D(β) = 0 is a finite set. Let β 1 , . . . , β m ∈ β ∈ F p D(β) = 0 \ {1} be all elements which have finite orders and let
Then there exist n ∈ N with d < p n such that gcd(n, n j ) = 1 (j = 1, . . . , m). Then we have β j ∈ γ ∈ F p γ n = 1 (j = 1, . . . , m) and hence we obtain (5). Next we prove (ii). Let f d be a monomial GAPN function of algebraic degree p on F p n for some n. By theorem 2.2, we have that
Similarly to above, let β 1 , . . . , β m ∈ β ∈ F p D(β) = 0 \ {1} be all elements which have finite orders and let n j := min N ∈ N β N j = 1 (> 1). By (6), we obtain that β j ∈ γ ∈ F p γ n = 1 , that is, n is not divisible by n j for each j = 1, . . . , m. Then for any prime q such that gcd(n j , q) = 1 (j = 1, . . . , m), the number qn is not divisible by n j (j = 1, . . . , m) , that is, β j ∈ γ ∈ F p γ qn = 1 (j = 1, . . . , m). Hence we get
and hence f d is also GAPN function on F p qn , which is an extension field of F p n . Since there exist infinitely many such prime numbers, f d is p-exceptional.
Example: a generalization of Welch functions
If n is odd, then the function defined by
is APN on F 2 n (see [6] ). Such functions are called the Welch functions (see Table 1 ).
Here we construct a generalization of Welch functions.
Proposition 2.5. Let
(n is even).
Then f d is a GAPN function of F p n if and only if p = 2 and n is odd, or p = 3.
Proof. When p = 2, the function f d is the Welch function if and only if n is odd. Since
Assume that D(β) = 0 for some β ∈ F p \ {1} with β n = 1. If n is even, then we have
which is absurd. If n is odd, then we have
Since β = 1, we get β 2 = −1. Hence we have
In any case, they are contradictions. Therefore we obtain (7).
Monomial GAPN functions on F p n with maximum algebraic degree
For odd prime p, the inverse permutation
is a GAPN function (see [12, Section 3] ). Note that when p = 2 the inverse function is APN if and only if n is odd. Then p n − 2 has the p-adic expansion for some j ∈ {0, 1, . . . , n − 1}. Let Fb (j) be a Frobenius isomorphism Fb (j) : F −→ F, x −→ x p n−j .
Then we have
where we put 0 −1 := 0. Hence f (j) is EA-equivalent to the inverse function f p n −2 . By Proposition 2.1 in [12] , f (j) is a GAPN function on F .
The other monomial GAPN functions on F p n
By simple computations, we can show that when p = 3 and n ∈ {6, 7, 8}, there are no monomial GAPN functions f d on F 3 n with 3 < d
• (f d ) < 2n − 1. More generally, we give the following conjecture: Conjecture 2.7. Let p be an odd prime. For sufficiently large n, there are no monomial GAPN functions f d on F p n with p < d
• (f d ) < n(p − 1) − 1. In particular, the only pexceptional exponents are given by (1) .
